In this paper we use a non-covariant gauge which makes some of the YM features manifest which otherwise do not appear explicitly in the Landau gauge used by Nielsen and Olesen.Our results support the conjecture that the unstable mode is related to a non perturbative phenomena. We also study an analogous problem of the gluino vacuum in the presence of the constant chromomagnetic background which will allow us to conclude that even a non perturbative treatment of YM vacuum would lead to instability as long as one uses a constant magnetic background as a calculational playground.
It has been almost 20 years since N.K.Nielsen and P.Olesen discovered an unstable mode in the YM vacuum [1] . Many interesting developments have been shaped into attractive physical theories since that time but the nature of the vacuum had not been understood yet and remains one of the puzzles of field and string theories.
A note about our notation is in order.We will use the (+ ---) metric.Three colors will be denoted by the upper indexes (1) (2) (3) for vector fields and by upper indexes 1 2 3 for fermionic variables.We will be using the following quantities throughout this paper:
Vacuum energy will be understood as a sum of the zero point energies of the linearized equations of motion:
The non-covariant gauge condition represented as:
will be called axial gauge.
The linearized equation of motion (2) corresponds to the equation of motion of the massless vector particle coupled to the electromagnetic potential.The original Yang-Mills Lagrangian is invariant under
the gauge transformation, where U( θ) = e −i τ θ and 2 τ are the Pauli matrices.The infinitesimal gauge transformations
are derived from eq 4 ,where ǫ =
and θ = θ 3 .The linearized Lagrangian retains a residual U(1) gauge invariance after the Landau or axial gauge conditions were imposed. Thus we haveU( θ) = U(ǫ)U(θ) and the Landau gauge becomes
while the axial gauge corresponds to
corresponds to the axial gauge.
While we are guaranteed by gauge invariance that the Landau and the axial gauge should correspond to the same physical entity there is a feature of equation (2) that becomes prominent only in the axial gauge, making its study a worthy exercise.Solving eq.(2) in the axial gauge with a constant chromomagnetic background
is almost as simple as in the Landau gauge if one notices that it is invariant under Lorentz transformations in the z direction.Thus, we can find a suitable Lorentz frame where D 3 W µ = 0 by considering any particular solution with well defined momentum in the third direction..The rest of the calculations are most easily done in the Fourier space. Noting that the equation for W 3
is that of a simple harmonic oscillator which we can immediately solve for e e 2 = 2n + 1
where n is a non-negative integer.The rest of the equations are:
and E, k 2 are Fourier energy and momentum in the y direction respectively. The system (11) can expressed as a third order differential equation for W 2 which in turn can be reduced to the second order differential equation
by making the substitution
Equation (13) has the following solution
where C 1 and C 2 are arbitrary constants and F is a confluent hypergeometric function. We expect u(ρ) to be a bounded function.Thus, we obtain the energies
where n and m are arbitrary non-negative integers terminating the confluent hypergeometric series.
We now note that e 2 = −1 is a well-known unstable mode [1] . By explicitly writing down the non-linear terms omitted in equation (2),
where we have used the axial gauge condition, equation (3), we now find that our gauge choice reveals a rather peculiar aspect of this mode. From the equation (11) we can conclude that W 0 and W 2 have the same phase factor for any mode except an unstable one.Thus we may find a necessary and sufficient condition for (17) to vanish for a simple case when solutions of different frequencies are not mixed. For example, if we consider a harmonic oscillator mode, eq. (9), it will trivially put (17) to zero.It is interesting to note that the solution of the system (11) in an arbitrary Lorentz frame will make (17) vanish unless an unstable mode is present.This supports a widely held conjecture that an unstable mode is a possible part of a non-perturbative phenomena, yet to be understood. To show that system (11) will make (17) vanish only in the absence of the tachyonic mode we rewrite (17) as
where W 0 with the phase factor for W 3 always coinciding with that of W 2 . Since system (18) has only one solution u = v , only modes with real value of E can make (17) vanish.We find no analog of vanishing of the non-linear term in the Landau gauge, except for the scalar which contribution to the vacuum energy is canceled by ghosts.This phenomena should not be surprising since axial and Landau gauges are not proper gauge conditions for non-linearized Yang-Mills. The vacuum energy (V.E.) can now be easily calculated.We have three energy modes: the two from eq.(10) and one from eq.(16) these should be written down in the arbitrary k 3 frame and summed over according the usual prescription: we enclose the system in a box of volume V. In the interval dk 3 there are gBV 4π 2 states with momentum k 3 [2] V.E. = gBV
This sum is easily evaluated with the use of a generalization of Salam and
A word of caution is in order here. The imaginary part of the vacuum energy should be evaluated by explicit integration.The logarithmic dependence in (20) is indicative only because of the presence of the non-physical parameter M 2 . The real part of the vacuum energy in the axial gauge
coincides, as expected, with the Nielson-Olesen result in the Landau gauge.
In conclusion, let us note that there is a very interesting relation between ghosts η and modes of W µ . The ghost Lagrangian in the Landau gauge:
The first term in the Lagrangian (22) leads to a differential equation for upside down harmonic oscillator which has no bound states and thus massless.The second term in eq. (22) gives us a Schrödinger equation for a simple harmonic oscillator.This is the term which cancels the contribution of the scalar W µ mode [1] in the Landau gauge.Thus, in the Landau gauge we have no massless modes for W µ and one massless mode for ghosts. In the axial gauge the situation is a bit different. There is a trivial, massless solution u = 0 to eq. (13). The ghost Lagrangian
contains two massless modes. If we ignore one of the massless ghosts in both gauges we get a global symmetry between ghosts and selected W modes which is nothing else than a BRST symmetry of the linearized YM effective Lagrangian.
Let us discuss now the supersymmetric Yang-Mills and see whether or not we can gain some insights from it. Supersymmetric Yang-Mills can never be spontaneously broken because of the absence of massive particles. Thus the vacuum energy is zero at any order of perturbation theory. On the other hand, at the low energy approximation, the contribution of the gluino to the vacuum energy is simply a sum over zero point energies and, if evaluated, should be opposite to that of the non-supersymmetric part.Thus the analysis of instability of the zero point energy of the gluinos can tell us about the instability of non-linearized non supersymmetric Yang-Mills. The Lagrangian of SUSY Yang-Mills [4] 
where
µν is a gluonic contribution, or non SUSY YM. λ a are three-color four spinors corresponding to gluino fields and a.f. is an auxiliary field which can be put to zero. We will consider motion of a gluino in the constant chromomagnetic field (8). The equation of motion for gluino
In Fourier space, a solution can be found for each of the four components ψ i of λ a . Each component of λ 3 has E = k 2 and gives a B independent contribution to the vacuum energy. λ 1 and λ 2 have the following energy dependence: E = 2nigB + k where n is a non-negative integer, and thus make an imaginary contributions to the vacuum energy. As we have shown above the supersymmetric arguments do confirm the instability of the chromomagnetic vacuum. Since QCD vacuum is perfectly stable experimentally and its instability was found in the magnetic background only we are forced to conclude that the reason for the instability is in the constant background approximation itself and any calculation made in that background should not be taken seriously as long as other approximation methods, hopefully better physically understood, do not confirm it.
